Abstract. In this paper, we prove rigidity of certain complete surfaces embedded in R 3 with constant mean curvature. We also show that for certain complete surfaces embedded in R 3 with constant mean curvature, intrinsic isometries extend to isometries of R 3 or the isometry group contains an index two subgroup of isometries that extend.
Introduction
In this paper we discuss some global results for certain complete surfaces M embedded in R 3 that have constant mean curvature3). If this mean curvature is zero, we call M a minimal surface and if it is nonzero, we call M a CMC surface. Our main theorems deal with the rigidity of complete surfaces embedded in R 3 with finite genus and constant mean curvature.
Recall that an isometric immersion f : S ! R 3 of a Riemannian surface S is congruent to another isometric immersion h : S ! R 3 , if there exists an isometry I : R 3 ! R 3 such that f ¼ I h. We say that an isometric immersion f : S ! R 3 with constant mean curvature H is rigid, if whenever h : S ! R 3 is another isometric immersion with constant mean curvature H or ÀH, then f is congruent to h.
In general, if f : M ! R 3 is an isometric immersion of a simply-connected surface with constant mean curvature H and f ðMÞ is not contained in a round sphere or a plane, then there exists a smooth one-parameter deformation of the immersion f through noncongruent isometric immersions with mean curvature H; this family contains all noncongruent isometric immersions of M into R 3 with constant mean curvature H or ÀH. Thus, the rigidity of simply-connected, constant mean curvature immersed surfaces fails in a rather natural way.
The first relevant results in the direction of revealing the rigidity of certain constant mean curvature surfaces can be found in [4] , [13] . In [13] , Kusner proves that a properly embedded CMC surface of finite topology is rigid. In [4] , Choi, Meeks and White prove rigidity of properly embedded minimal surfaces with more than one end; see also [16] , [21] , [25] , [27] et al. The main results of this paper are the following theorems: Theorem 1.1 (Finite genus rigidity theorem). Suppose M H R 3 is a complete, embedded, constant mean curvature surface of finite genus.
(1) If M is a minimal surface which is not the helicoid, then M is rigid.
(2) If M is a CMC surface with bounded Gaussian curvature, then M is rigid.
Theorem 1.2 (Finite genus isometry extension theorem). Let M H R
3 be a complete, embedded, constant mean curvature surface of finite genus and let s : M ! M be an isometry.
(1) If M has bounded Gaussian curvature or if M is minimal, then s extends to an isometry of R 3 .
(2) If s fails to extend to an isometry of R 3 , then the isometry group of M contains a subgroup of index two, consisting of those isometries which do extend to R 3 . In particular, if s fails to extend, then s 2 extends.
One of the outstanding conjectures in this subject states that, except for the helicoid, the inclusion map of a complete, embedded constant mean curvature surface M into R 3 is the unique such isometric immersion with the same constant mean curvature up to congruence. Since extrinsic isometries of the helicoid extend to ambient isometries, the validity of this conjecture implies the closely related conjecture that the intrinsic isometry group of any complete, embedded constant mean curvature surface in R 3 is equal to its ambient symmetry group. These two rigidity conjectures were made by Meeks; see [17] , Conjecture 15.12, and the related earlier [15] , Conjecture 22, for properly embedded minimal surfaces. The theorems presented in this paper demonstrate the validity of these rigidity conjectures under some additional hypotheses.
The proof of item (1) in Theorem 1.1 uses a result in [4] to prove the rigidity of minimal surfaces properly embedded in R 3 with more than one end. In item (2) of the same theorem, di¤erently from the result in [13] , the surfaces are allowed to be just embedded and have infinitely many ends. However, the additional hypothesis on the curvature is required. A key ingredient in the proof of item (2) in Theorem 1.1 is our Dynamics Theorem for CMC surfaces in R 3 together with the Minimal Element Theorem which are proven in [23] . Among other things, in [23] we prove that, under certain hypotheses, a CMC surface in R 3 contains an embedded Delaunay surface4) at infinity. This was proven in [12] for properly embedded CMC surfaces of finite topology however, the full generality of the 4) The Delaunay surfaces are CMC surfaces of revolution which were discovered and classified by Delaunay [11] in 1841. When these surfaces are embedded, they are called unduloids and when they are nonembedded, they are called nodoids. results in [23] is needed in this paper. The fact that embedded Delaunay surfaces are rigid is then applied.
Additionally, using techniques similar to those applied to prove Theorems 1.1 and 1.2, we also demonstrate the following related rigidity theorem:
3 is a complete embedded CMC surface with bounded Gaussian curvature. If
then M is rigid.
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Background on the dynamics theorem
Before stating results which we need from [23] we introduce some definitions; see also [20] for some related results for minimal surfaces.
Definition 2.1. Suppose W is a complete flat three-manifold with boundary qW ¼ S together with an isometric immersion f : W ! R 3 such that f restricted to the interior of W is injective. We call the image surface f ðSÞ a strongly Alexandrov embedded CMC surface if f ðSÞ is a CMC surface and W lies on the mean convex side of S.
We note that, by elementary separation properties, any properly embedded CMC surface in R 3 is always strongly Alexandrov embedded. Furthermore, by item (1) of Theorem 2.3 below, any strongly Alexandrov embedded CMC surface in R 3 with bounded Gaussian curvature is properly immersed in R 3 . We remind the reader that the Gauss equation implies that a surface M in R 3 with constant mean curvature has bounded Gaussian curvature if and only if its principal curvatures are bounded in absolute value; thus, M having bounded Gaussian curvature is equivalent to M having bounded second fundamental form.
3 is a connected, strongly Alexandrov embedded CMC surface with bounded Gaussian curvature.
(1) TðMÞ is the set of all connected, strongly Alexandrov embedded CMC surfaces S H R 3 , which are obtained in the following way. There exists a sequence of points p n A M, lim n!y jp n j ¼ y, such that the translated surfaces M À p n converge C 2 on compact subsets of R 3 to a strongly Alexandrov embedded CMC surface S 0 , and S is a connected component of S 0 passing through the origin. Actually we consider the immersed surfaces in TðMÞ to be pointed in the sense that if such a surface is not embedded at the origin, then we consider the surface to represent two di¤erent surfaces in TðMÞ depending on a choice of one of the two preimages of the origin. The following theorem is a collection of results and special cases of statements taken from the CMC Dynamics Theorem, the Minimal Element Theorem and Theorem 4.1 in [23] ; in the statement of this theorem, BðRÞ denotes the open ball of radius R centered at the origin in R 3 .
Theorem 2.3. Let M be a connected, noncompact, strongly Alexandrov embedded CMC surface with bounded Gaussian curvature. Then:
(2) TðMÞ is nonempty and T-invariant.
(3) Every nonempty T-invariant subset of TðMÞ contains a nonempty minimal T-invariant subset. In particular, since TðMÞ is itself a nonempty T-invariant set, TðMÞ always contains minimal elements.
Then TðMÞ contains a minimal element S which is an embedded Delaunay surface.
(5) Suppose M has a plane of Alexandrov symmetry and more than one end. Then TðMÞ contains a minimal element S which is an embedded Delaunay surface.
Background on Calabi's and Lawson's rigidity theorems
In this section, we review the classical rigidity theorems of Calabi and Lawson for simply-connected constant mean curvature surfaces in R 3 (see also [2] ). The rigidity theorem of Lawson is motivated by the earlier result of Calabi [3] who classified the set of isometric minimal immersions of a simply-connected Riemannian surface S into R 3 ; we now describe Calabi's classification theorem.
Suppose f : S ! R 3 is an isometric minimal immersion and S is simply-connected. In this case, the coordinate functions f 1 , f 2 , f 3 are harmonic functions which are the real parts of corresponding holomorphic functions h 1 , h 2 , h 3 defined on S. For any y A ½0; 2pÞ, the map f y ¼ Re À e iy ðh 1 ; h 2 ; h 3 Þ Á : S ! R 3 is an isometric minimal immersion of S into R 3 ; the immersions f y are called associate immersions to f . Many classical examples of minimal surfaces arise from this associate family construction. For example, simply-connected regions on a catenoid are the images of regions in the helicoid under the associate map for y ¼ p=2; in this case the corresponding coordinate functions on these domains are conjugate harmonic functions and consequently, the catenoid and the helicoid are called conjugate minimal surfaces.
Calabi
Calabi condition for nonrigidity of S is equivalent to the property that the conjugate harmonic coordinate functions are well-defined, which by Cauchy's theorem is equivalent to the property that the flux vector5) of any simple closed curve on S is zero.
Lawson's Rigidity Theorem that we referred to in the previous paragraph appears in [14] , Theorem 8, and holds in space forms other than R 3 as well. We will not need his theorem in its full generality and we state below the special case which we will apply in the next section. . Let S be a simply-connected surface and f : S ! R 3 be an isometric CMC immersion with mean curvature H such that f ðMÞ is not contained in a sphere. Then there exists a di¤erentiable 2p-periodic family of isometric immersions f y : S ! R 3 of constant mean curvature H called associate immersion to f . Moreover, up to congruences the maps f y , for y A ½0; 2pÞ, represent all isometric immersions of S into R 3 with constant mean curvature H or ÀH and these immersions are non-congruent to each other.
Note that if A represents the second fundamental form of f and A y the one of f y , these forms are related by the following equation, see [26] :
where I is the identity matrix and J is the almost complex structure on M.
5) The flux of an oriented unit speed curve g H S is the integral of Jðg 0 Þ along g, where J is the almost complex structure.
Proofs of the main theorems
Our rigidity theorems are motivated by several classical results on the rigidity of certain complete embedded minimal surfaces. In the minimal case, the first relevant result in this direction is a theorem of Choi, Meeks, and White [4] who proved that any properly embedded minimal surface in R 3 with more than one end admits a unique isometric minimal immersion into R 3 ; their result proved a special case of the conjecture of Meeks [15] that the inclusion map of a properly embedded, nonsimply-connected minimal surfaces in R 3 is the unique minimal immersion of the surface into R 3 up to congruence.
We now prove the following important special case of Theorem 1.1 regarding properly embedded minimal surfaces.
Theorem 4.1. If M is a connected, properly embedded minimal surface in R 3 with finite genus which is not a helicoid, then M is rigid.
Proof. If M has more than one end, then the result of Choi, Meeks, and White implies that M satisfies the conclusions of the theorem.
Suppose M has finite genus, one end and M is not a helicoid. Since Theorem 4.1 holds for planes, assume now that M is not a plane. After a rotation of M, the work of Colding and Minicozzi in [5] , [9] implies that outside of a large solid hyperboloid H, M consists of two infinite multigraphs G 1 , G 2 . In [6] , they prove that any embedded minimal multigraph with a large number of sheets contains a submultigraph which can be approximated by the multigraph of a helicoid with an additional logarithmic term. This approximation result and other results of Colding and Minicozzi in [7] , [8] are su‰cient to prove that each of the two multigraphs G 1 , G 2 in M À H contains infinite submultigraphs G stein and Breiner, see [1] , Proposition 3.3, and also the discussion following [18] , Remark 3.1. By this discussion, any horizontal plane P intersects M in an analytic set with each component of M X P having dimension one and such that outside of some ball in R 3 , M X P consists of two proper arcs. Since M has finite positive genus, elementary Morse theory implies that for a certain choice of P, M X P is a one-dimensional analytic set with a vertex (critical point) contained locally in the intersection of a positive even number of open analytic arcs in M X P. An elementary combinatorial argument implies that P X M contains a piecewise smooth simple closed oriented curve G bounding a compact disk whose interior is disjoint from M. It follows that the integral of the conormal to G has a nonzero dot product with the normal to P. The existence of G implies that for the coordinate functions x 3 of M, the conjugate harmonic function is not well-defined. From our discussion of the Calabi Rigidity Theorem in the previous section, it follows that the inclusion map of M into R 3 is the unique isometric minimal immersion of M into R 3 up to congruence. This completes the proof of the theorem. r
We will now apply the above theorem and the results described in Sections 2 and 3 to prove Theorems 1.1, 1.2 and 1.3 .
In what follows, let M H R 3 be a complete, embedded, constant mean curvature surface of finite genus.
Proof of Theorem 1.1. We first prove item (1) . Suppose M is a minimal surface which is not a helicoid. In [10] , Colding and Minicozzi proved that complete minimal surfaces of finite topology embedded in R 3 are properly embedded. In [22] , Meeks and Rosenberg generalized this result to prove that if M has positive injectivity radius, then M is properly embedded. Therefore, if M has positive injectivity radius, the result is a consequence of Theorem 4.1. If M fails to have positive injectivity radius, then the local picture theorem on the scale of the topology in [19] implies that there exists a sequence of compact domains D n H M such that, after scaling and a rigid motion of R 3 , the new domainsD D n converge smoothly with multiplicity one to a properly embedded genus zero minimal surface M y in R 3 with injectivity radius one (and hence not simply-connected) or there exist closed geodesics g n HD D n with nontrivial flux (the integral of the conormal is nonzero). The latter happens when theD D n converge smoothly away from two vertical lines L 1 and L 2 to a foliation F by horizontal planes of R 3 . These lines are the singular sets of convergence to F. Such a picture is called a parking garage structure on R 3 and the geodesics g n correspond to ''connection'' curves between the ''columns'' L 1 and L 2 (see also [9] , [28] ). On the one hand, if M y is a properly embedded genus zero minimal surface with injectivity radius one, then by Theorem 4.1, M y is rigid and a compactness argument implies that M is also rigid (see the proof of Theorem 1.3 for this type of argument). On the other hand, minimal surfaces with nontrivial flux are rigid, by our discussion in Section 3. This completes the proof of item (1).
Since finite genus implies that lim inf Genus½M X BðRÞ R 2 ¼ 0, item (2) is a consequence of Theorem 1.3, which is proved below. This completes the proof of Theorem 1.1. r
Proof of Theorem 1.2. Since rigidity implies that intrinsic isometries extend to extrinsic isometries, item (1) is a simple consequence of Theorem 1.1. We now prove item (2) . Suppose M is a CMC surface and does not have bounded Gaussian curvature. Let i : M ! R 3 be the inclusion map. If s is an isometry of M, then i s is congruent to a unique associate surface i yðsÞ , yðsÞ A ½0; 2pÞ. By defining F ðsÞ ¼ yðsÞ, we obtain a homomorphism F : IsomðMÞ ! S 1 . We are going to show that
which will imply item (2) of the theorem.
Assume that s : M ! M is an isometry that does not extend to R 3 . By Theorem 3.1 and the previous discussion we know that i s : M ! R 3 must be congruent to an associate immersion i y : M ! R 3 , where y A ð0; 2pÞ.
The local picture theorem on the scale of curvature in [20] states that there exists a sequence of points p n A M and positive numbers e n , l n such that:
(1) lim n!y e n ! 0, lim n!y l n ¼ y and lim n!y l n e n ¼ y.
(2) The component M n of M X Bðp n ; e n Þ that contains p n is compact with qM n H qBðp n ; e n Þ.
(3) The second fundamental forms of the surfacesM M n ¼ l n M n H l n Bðp n ; e n Þ H R 3 are uniformly bounded and are equal to one at the related pointsp p n .
(4) The translated surfacesM M Àp p n converge with multiplicity one or two to a connected, properly embedded minimal surface M y H R 3 with bounded curvature and genus zero.
Suppose first that M y is a helicoid. We will use the embeddedness property of M to show that y ¼ p. If M y is a helicoid, then the associate surfaces ðM M Àp p n Þ y can be chosen to approximate a large region of the related associate surface ðM y Þ y to the helicoid M y ; this can be seen by letting H go to zero in equation (1) Without loss of generality we will assume H M ¼ 1. By item (3) of Theorem 2.3, TðMÞ contains an embedded Delaunay surface S. More precisely, for n A N, there exist compact annular domains D n H M and points p n A D n such that the translated surfaces D n À p n converge C 2 to S on compact subsets of R 3 . For concreteness, suppose g 1 denotes the inclusion map of S into R 3 . First we show that the immersion g 1 is rigid.
Let p :S S ! S denote the universal covering of S. ConsiderS S with the induced Riemannian metric and let f ¼ g 1 p :S S ! R 3 be the related isometric immersion. Let f y :S S ! R 3 be the associate immersion for angle y A ½0; 2pÞ, given in Theorem 3.1; note f 0 ¼ f . Suppose g 2 is another isometric immersion of S into R 3 which is not congruent to g 1 . This implies that g 2 p is congruent to f y for a certain y A ð0; 2pÞ.
Letg g HS S be a lift6) of the shortest geodesic circle g H S. We will prove that for any y A ð0; 2pÞ the endpoints of f y ðg gÞ are distinct, which means that the associate immersions to g 1 do not exist. We will accomplish this by describing the geometry of f y ðg gÞ:
A computation shows that for the geodesicg g and the immersion f y , the curvature k y and torsion t y of f y ðg gÞðtÞ are given by Furthermore, sinceg g is a lift of the shortest geodesic circle in S, there exists s e 0 < 2 e r, r þ s ¼ 2 such that in theg g 0 , Jg g 0 basis, the second fundamental form alongg g is expressed as the matrix
The curveg g is a compact embedded arc inS S which is the image of a lift of map g : ½0; 1 ! S.
